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We resolve the breakdown of angular momentum conservation on two-dimensional photon tun-
neling by considering spin Hall effect (SHE) of light. This effect manifests itself as polarization-
dependent transverse shifts of field centroid when a classic wave packet tunnels through a prism-air-
prism barrier. For the left or the right circularly polarized component, the transverse shift can be
modulated by altering the refractive index gradient associated with the two prisms. We find that the
SHE in conventional beam refraction can be evidently enhanced via photon tunneling mechanism.
The transverse spatial shift is governed by the total angular momentum conservation law, while the
transverse angular shift is governed by the total linear momentum conservation law. These findings
open the possibility for developing new nano-photonic devices and can be extrapolated to other
physical systems.
PACS numbers: 42.25.-p, 42.79.-e, 41.20.Jb
I. INTRODUCTION
The tunneling effect is a cornerstone of both quantum
mechanics and classical electrodynamics, and presents in-
triguing features that stimulate an ongoing interest in
nano-photonics [1]. From the viewpoint of quantum me-
chanics, wave or particle may penetrate through a clas-
sically impenetrable barrier. In particular, frustrated to-
tal internal reflection (FTIR) is considered as a classical
analogy of quantum-mechanical tunneling. In this case,
optical fields penetrate across an air gap between two ad-
jacent glass prisms, giving transmission of light beyond
the critical angle [2, 3]. Until now, it is generally be-
lieved that the photon tunneling is a two-dimensional
process [4–8]: Tunneling only occurs in the incidence
plane. However, the total angular momentum is uncon-
served in the two-dimensional FTIR [9–11]. This dif-
ficulty arises from the neglect of orbital angular mo-
mentum caused by transverse spatial shift of field cen-
troid [12, 13]. Therefore, there is a apparent breakdown
of angular momentum conservation in two-dimensional
photon tunneling. In our opinion, this discrepancy may
be resolved by considering spin Hall effect (SHE) of light.
The SHE of light is a photonic version of SHE in elec-
tronic systems [14–16], in which the spin of photons play
the role of the spin of charges, and a refractive index gra-
dient acts as the electric potential gradient [17–19]. Such
a spatial gradient for the refractive index could occur at
an interface between two materials. Recently, the SHE
of light has also been observed in glass cylinder with gra-
dient refractive index [20], in scattering from dielectric
spheres [21], on the direction tilted with respect to beam
propagation axis [22], and in silicon via free-carrier ab-
sorption [23]. This interesting effect manifests itself as
the split of a linearly polarized beam into two left circu-
larly and right circularly components. The splitting in
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the SHE, implied by angular momentum conservation,
takes place as a result of an effective spin-orbit interac-
tion. In a symmetric prism-air-prism barrier, we predict
that the polarization-dependent transverse shifts are very
small. This is a possible reason why the tiny scale of the
effect escaped detection in photon tunneling experiments.
In this work, we use an air gap between two glass
prisms as the potential barrier to explore the SHE in
photon tunneling. First, starting from the representa-
tion of a plane-wave angular spectrum, we establish a
general propagation model to describe the photon tun-
neling. Based on this model, the SHE of light can be ob-
tained very simply by calculating the transverse shifts.
Next, we explore what happens to the SHE in photon
tunneling and find that the SHE can be evidently en-
hanced with an asymmetric barrier structure. Then, we
examine what roles the refractive index gradient of the
two prisms plays in the SHE of light. Our result shows
that this interesting effect can be modulated by altering
the refractive index gradient. Finally, we attempt to re-
veal the inherent secret underlying the SHE in photon
tunneling. The polarization-dependent transverse shifts
governed by the total momentum conservation law, pro-
vides us a new way to clarify the nature of photon tun-
neling effect in three dimensions. We believe that the
study of the SHE of light may provide insights into the
fundamental properties of photon tunneling.
II. PHOTON TUNNELING MODEL
We begin by establishing a three-dimensional propaga-
tion model to describe photon tunnels through a prism-
air-prism barrier. Figure 1 illustrates the scheme of our
optical tunneling. The z axis of the laboratory Cartesian
frame (x, y, z) is normal to the prism-air interface locat-
ing at z = 0. We use the coordinate frames (xa, ya, za)
for individual beams, where a = i, r, t denotes incident,
reflected, and tunneling beams, respectively. A beam im-
pinges from the first prism onto an air gap with a thick-
2FIG. 1: (color online) Three-dimensional geometry of beam
reflection and tunneling from a prism-air-prism barrier. The
inset shows that the ath beam undergoes a transverse spatial
shift ∆ya and a transverse angular shift δya.
ness of d. For incidence angles θi greater than the critical
angle of total internal reflection: θic = sin
−1(1/n1), most
of photons are reflected, and part of them tunnel through
the air gap.
In general, the electric field of the ath beam can be
solved by employing the Fourier transformations [24].
The complex amplitude can be conveniently expressed
as
Ea(xa, ya, za) =
∫
dkaxdkayE˜a(kax, kay)
× exp[i(kaxxa + kayya + kazza)],(1)
where kaz =
√
k2a − (k
2
ax + k
2
ay). The approximate
paraxial expression for the field in Eq. (1) can be ob-
tained from the expansion of the square root of kaz to
the first order [25], which yields
Ea = exp(ikaza)
∫
dkaxdkayE˜a(kax, kay)
× exp
[
i
(
kaxxa + kayya −
k2ax + k
2
ay
2ka
za
)]
.(2)
In the first prism, we consider an arbitrarily polarized
Gaussian beam propagating parallel to the positive zi
axis. The angular spectrum of electric field amplitude of
such a beam can be written as
E˜i = (αeix + βeiy) exp
[
−
zR(k
2
ix + k
2
iy)
2k0
]
. (3)
Here, zR = k0w
2
0
/2 is the Rayleigh length in free space
and k0 = ω/c is the wave number. The coefficients α and
β satisfy the relation σi = i(αβ
∗−α∗β). The polarization
operator σi = ±1 corresponds to left- and right-handed
circularly polarized light, respectively. It is well known
that circularly polarized Gaussian beam can carry spin
angular momentum ±1~ per photon due to its polariza-
tion state [26]. Substituting Eq. (3) into Eq. (2) provides
the expression of the incident field:
Ei(xi, yi, zi) ∝ (αeix + βeiy) exp(ikizzi)
× exp
[
−
n1k0
2
x2i + y
2
i
n1zR + izi
]
. (4)
The calculation of the reflected and tunneling fields re-
quires the explicit solution of the boundary conditions
at the interfaces. Thus, we need to know the generalized
Fresnel reflection and transmission coefficients of the bar-
rier which read as
rA =
RA +R
′
A exp(2ik0
√
1− n2
1
sin2 θid)
1 +RAR′A exp(2ik0
√
1− n2
1
sin2 θid)
, (5)
tA =
TAT
′
A exp(ik0
√
1− n2
1
sin2 θid)
1 +RAR′A exp(2ik0
√
1− n2
1
sin2 θid)
. (6)
Here, A ∈ {p, s}, RA and TA are the Fresnel reflection
and transmission coefficients at the first interface, respec-
tively. R′A and T
′
A are the corresponding coefficients at
the second interface.
We first explore the reflected field in the first prism.
The reflected angular spectrum E˜r(krx, kry) is related to
the boundary distribution of the electric field by means
of the relation:
E˜r =
[
rp
kry cot θi
k0
(rp + rs)
−
kry cot θi
k0
(rp + rs) rs
]
E˜i. (7)
From the Snell’s law, we can get krx = −kix and kry =
kiy. In fact, after the angular spectrum on the plane
zr = 0 is known, Eq. (2) together with Eqs. (3) and (7)
provides the expression of the field on the plane zr > 0
as
Er ∝
[
αrp
(
1− i
xr
n1zR + izr
∂ ln rp
∂θi
)
+iβ(rp + rs)
yr
n1zR + izr
cot θi
]
× exp
[
−
n1k0
2
x2r + y
2
r
n1zR + izr
]
erx
+
[
βrs
(
1− i
xr
n1zR + izr
∂ ln rs
∂θi
)
−iα(rp + rs)
yr
n1zR + izr
cot θi
]
× exp
[
−
n1k0
2
x2r + y
2
r
n1zR + izr
]
ery. (8)
For the reflection on prism-air-prism barrier, the spatial
profile of the reflected beam experiences an alteration.
3We next explore the transmitted or tunneling field in
the second prism. Whether the field in the second prism
is transmitted or tunneling depends on the incident angle:
In the transmission case, θi < θic; while in the tunneling
case, θi > θic. The tunneling field can be derived which
does not require knowledge of the fields inside the air
gap [1]. The transmitted angular spectrum E˜t(ktx, kty)
related to the boundary distribution of the electric field
is written as:
E˜t =
[
tp
kty cot θi
k0
(tp − ηts)
kty cot θi
k0
(ηtp − ts) ts
]
E˜i, (9)
where η = cos θt/ cos θi. From the Snell’s law under
the paraxial approximation, we have ktx = kix/η and
kty = kiy . Substituting Eqs. (3) and (9) into Eq. (2), the
transmitted or tunneling field is given by
Et ∝ exp
[
−
n2k0
2
(
x2t
zRx + izt
+
y2t
zRy + izt
)]
×
[
αtp
(
1 + i
n2ηxt
zRx + izt
∂ ln tp
∂θi
)
+iβ
n2yt
zRy + izt
(tp − ηts) cot θi
]
etx
+exp
[
−
n2k0
2
(
x2t
zRx + izt
+
y2t
zRy + izt
)]
×
[
βts
(
1 + i
n2ηxt
zRx + izt
∂ ln ts
∂θi
)
+iα
n2yt
zRy + izt
(ηtp − ts) cot θi
]
ety. (10)
An interesting point to be noted is that there are two dif-
ferent Rayleigh lengths: zRx = n2η
2k0w
2
0
/2 and zRy =
n2k0w
2
0
/2, characterizing the spreading of the beam in
the direction of xt and yt axes, respectively. Up to
now, we have established a general propagation model
to describe the SHE of light in three-dimensional pho-
ton tunneling. This intriguing effect manifests itself
as polarization-dependent transverse shifts of beam cen-
troid. As a result, the photon tunneling is no longer a
two dimensional process.
III. SPIN HALL EFFECT OF LIGHT
To reveal the SHE of light, we now determine the
polarization-dependent transverse shifts of beam cen-
troid. The intensity distribution of electromagnetic fields
is closely linked to the Poynting vector [27] I(xa, ya, za) ∝
Sa · eaz. Here, the Poynting vector is given by Sa ∝
Re[E∗a ×Ha] and the magnetic field can be obtained by
Ha = −ik
−1∇×Ea. At any given plane za = const., the
transverse shifts of beam centroid are given by
〈ya〉 =
∫ ∫
yaI(xa, ya, za)dxadya∫ ∫
I(xa, ya, za)dxadya
. (11)
Here, 〈ya〉 can be written as a combination of za-
independent term and za-dependent term: 〈ya〉 = ∆ya+
δya. The former gives transverse spatial shifts while the
latter can be regarded as transverse angular shifts.
We first consider the transverse shift of the incident
field. Substituting Eq. (4) into Eq. (11), we get
∆yi = 0, δyi = 0. (12)
This simple result shows that there does not exist a trans-
verse spatial shift or transverse angular shift in a funda-
mental Gaussian beam [28]. We next consider the trans-
verse shift of the reflected field. Substituting Eq. (8) into
Eq. (11), we have
∆yr = −
1
k0
fpfs cot θi
|rp|2f2p + |rs|
2f2s
[(
|rp|
2 + |rs|
2
)
sinψ
+2|rp||rs| sin(ψ − φp + φs)
]
, (13)
δyr =
zr
k0zR
fpfs(|rp|
2 − |rs|
2) cot θi cosψ
|rp|2f2p + |rs|
2f2s
. (14)
Here, rA = |rA| exp(iφA), α = fp ∈ Re, and β =
fs exp(iψ). Note that the expressions in Eqs. (13) and
(14) have a similar form as those in a semi-infinite
medium [29], although the refection coefficients are sig-
nificantly different.
We now discuss the transverse shifts in the tunneling
field. After substituting Eq. (10) into Eq. (11), we obtain
∆yt = −
1
k0
fpfs cot θi
|tp|2f2p + |ts|
2f2s
[(
|tp|
2 + |ts|
2
)
sinψ
−2η|tp||ts| sin(ψ − ϕp + ϕs)
]
, (15)
δyt =
zt
k0zRy
fpfs(|tp|
2 − |ts|
2) cot θi cosψ
|tp|2f2p + |ts|
2f2s
, (16)
where tA = |tA| exp(iϕA). From Eqs. (12), (14), and
(16), we find that the za-dependent terms can be re-
garded as a small angle shift inclining from the axis of
beam centroid:
∆θay = δya/za. (17)
This angle divergences means that the Snell’s law
cannot accurately describe the beam refraction phe-
nomenon [30]. It should be mentioned that δyr and
δyt are given by functions of Rayleigh lengths and cosψ.
Hence, the transverse angular shifts can be regarded as
the combined contribution of diffraction and polariza-
tion [31]. In general, a linearly polarized Gaussian beam
can be regarded as a superposition of two circularly polar-
ized components. As a result, an initially linearly polar-
ized beam splits into two circularly polarized components
in opposite directions due to the SHE of light [18].
In the SHE of light, the refractive index gradient plays
the role of the electric potential gradient. Hence, we
attempt to examine what roles the refractive index gra-
dient of the two prisms (i.e., ∆n = n2 − n1) plays in
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FIG. 2: (color online) The normalized transverse spatial shifts
∆yt/λ versus refractive index gradient ∆n. The incident an-
gles of the beam are choose as θi = pi/6 (solid lines), θi = pi/4
(dashed lines), and θi = pi/3 (dashed-dotted lines). The gap
thickness is chosen as d = 0.2λ. The insets show that the lin-
ear polarization σi = 0 can be regarded as a superposition of
two circular polarization components σi = +1 and σi = −1.
the photon tunneling. Without loss of generality, we
assume n1 = 1.5 and the corresponding critic angle is
θic = 41.8
◦. Figure 2 shows the normalized transverse
spatial shifts for various refractive index gradients. We
first consider the photon tunnels through the air gap
from a high-refractive-index prism to a low-refractive-
index prism (∆n < 0). For the left circularly polarized
component σi = +1, the transmitted field exhibits a neg-
ative transverse shift. For the right circularly polarized
component σi = −1, also presents a transverse shift, but
in an opposite direction. We next consider the photon
tunneling from a low-refractive-index prism to a high-
refractive-index prism (∆n > 0). We find that the left
circularly polarized component presents a positive shift,
while the right circularly polarized component exhibits a
negative shift. For the left or the right circularly polar-
ized component, the SHE of light is reversed when the
refractive index gradient is inverted.
In conventional photon tunneling experiments [4, 5],
the barrier is constructed by a symmetric structure, i.e.,
∆n = 0. It would be interesting to give more details
about the SHE of light in this standard case. Figure 3
plots the transverse spatial shifts as a function of the
gap thickness. The transverse shifts present with the in-
crease of the gap thickness. This interesting phenomenon
is due to optical resonance effect in the air barrier. There-
fore, such a mechanism provides a possible way to am-
plify the SHE of light. In general, the gap thickness in
tunneling experiment is a small value, which leads to
the polarization-dependent transverse shifts are a tiny
effect. This is a possible reason why the SHE of light
escapes measurement in photon tunneling experiments.
Note that the SHE of light can be evidently enhanced by
increasing the refractive index gradient between the two
prisms (Fig. 2). The recent advent of metamaterial whose
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FIG. 3: (color online) The normalized transverse spatial shifts
∆yt/λ versus normalized gap thickness d/λ. The incident
angles of the beam are choose as θi = pi/6 (solid lines),
θi = pi/4 (dashed lines), and θi = pi/3 (dashed-dotted lines).
The refractive index gradient is chosen as the symmetric case
∆n = 0.
refractive index can be tailored arbitrarily [32–34] seems
to be a good candidate. A further point should be men-
tioned: The transverse spatial shifts in the conventional
SHE experiment are just a few tens of nanometers [19].
Fortunately, the transverse spatial shifts in the tunneling
case (dashed and dashed-dotted lines) are much larger
than those in the transmission case (solid lines). Thus,
the tunneling mechanism provides us an alternative way
to enhance the SHE of light.
We next explore the polarization-dependent transverse
angular shifts. From Eq. (16) we find that only the spe-
cial linearly or the elliptically polarized beam exhibits
a transverse angular shift. In this case, a linearly po-
larized Gaussian beam can be regarded as a superposi-
tion of two elliptically polarized components as shown in
Fig. 4. For a left-elliptical component σi = +2/3 and
a right-elliptical component σi = −2/3, the centroid of
tunneling field presents an opposite angular shifts. For
the left- or right-elliptical component, whether the trans-
verse angular shift is positive or negative depends on
the incident angle and the refractive index gradient. It
should be noted that the transverse angular shift is signif-
icantly different from the longitudinal one [5, 35], which
is polarization-dependent.
It is known that the transverse angular shifts can be
regarded as the combined contribution of diffraction and
polarization. Therefore, it is necessary to examine the
role of the beam waist in the SHE of light. The nor-
malized transverse angular shifts versus the beam waist
width are plotted in Fig. 5. It is clearly shown that the
transverse angular shift increases with the decrease of the
beam waist width. For a small beam waist, the trans-
verse angular shift can be noticeably enhanced in both
transmission and tunneling situations. This would be of
interest for the application to nano-photonics. It should
be pointed out that the paraxial propagation model only
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FIG. 4: (color online) The normalized transverse angular
shifts δyt/λ versus refractive index gradient ∆n. Polariza-
tion parameters are σi = +2/3 and σi = −2/3. The angular
shifts are plotted in the plane zt = 2zR. Other parameters
are chosen to be the same as in Fig. 2. The insets show that
the linearly polarized beam with σi = 0 can be regarded as a
superposition of two elliptically polarization components with
σi = +2/3 and σi = −2/3.
deals with beams whose transverse dimension is much
larger than a wavelength [25]. When the beam waist
is small compared with the wavelength, a nonparaxial
propagation model should be developed.
For the purpose of revealing the physics underlying
the SHE, we focus on the momentum conservation laws
which govern both the spatial and the angular shifts. The
monochromatic beam can be formulated as a localized
wave packet whose spectrum is arbitrarily narrow [36].
Let ath wave packet include Na photons, i.e., its field
energy is Wa = Naω. The linear momentum of the ath
wave packet is pa = Naka (we set ~ = c = 1), and
the linear momentum conservation law for y components
is piy = pry + pty, where piy = 0, pry = Nrkr∆θry, and
pty = Ntkt∆θty. In the tunneling process, the total num-
ber of photons remains unchanged: Nr +Nt = Ni. As a
result, the transverse angular shifts fulfill the conserva-
tion law for y components of the linear momentum:
− n1Qr∆θry + n2Qt∆θty = 0. (18)
Here, Qr = Nr/Ni and Qt = Nt/Ni are energy reflection
and energy transmission coefficients, respectively. In the
frame of classic electrodynamics, the corresponding coef-
ficients can be written as
Qr = f
2
p |rp|
2 + f2s |rs|
2, (19)
Qt = n2η(f
2
p |tp|
2 + f2s |ts|
2)/n1. (20)
To verify the conservation law, we need to determine the
transverse angle divergences, which can be obtained from
Eq. (17) as
∆θry =
1
k0zR
fpfs(|rp|
2 − |rs|
2) cot θi cosψ
|rp|2f2p + |rs|
2f2s
, (21)
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FIG. 5: (color online) The normalized transverse angular
shifts δyt/λ versus normalized beam waist width w0/λ. Polar-
ization parameters are σi = +2/3 and σi = −2/3. The refrac-
tive index gradient is chosen as the symmetric case ∆n = 0.
Other parameters are chosen to be the same as in Fig. 4.
∆θty =
1
k0zRy
fpfs(|tp|
2 − |ts|
2) cot θi cosψ
|tp|2f2p + |ts|
2f2s
. (22)
After substituting Eqs. (19)-(22) into Eq. (18), we find
that the conservation law still holds. Thus, the transverse
angular shifts are governed by the total linear momentum
conservation law.
We proceed to explore the total angular momentum
conservation law. The z component of total angular mo-
mentum Laz for ath wave packet can be represented as
a sum of the extrinsic orbital angular momentum Jaz
and intrinsic spin angular momentum Saz, i.e., Laz =
Jaz + Saz. The z component of the orbital angular mo-
menta are given by Jiz = 0, Jrz = −∆yrkr sin θr, and
Jtz = −∆ytkt sin θt. The z components of the spin angu-
lar momenta are given by Siz = σi cos θi, Srz = σr cos θr,
and Stz = σt cos θt for incident, reflected, and tunneling
wave packets, respectively. The total angular momentum
can be written as
Liz = σi cos θi, (23)
Lrz = −∆yrkr sin θr + σr cos θr, (24)
Ltz = −∆ytkt sin θt + σt cos θt. (25)
Here, the polarization degrees for the ath wave packet is
respectively described by
σi = 2fpfs sinψ, (26)
σr =
2fpfs|rp||rs| sin[ψ − (φp − φs)]
|rp|2f2p + |rs|
2f2s
, (27)
σt =
2fpfs|tp||ts| sin[ψ − (ϕp − ϕs)]
|tp|2f2p + |ts|
2f2s
. (28)
6After substituting Eqs. (13) and (15) into Eqs. (24) and
(25), we find that the transverse spatial shifts fulfill the
conservation law for total angular momentum:
QrLrz +QtLtz = Liz. (29)
The transverse shifts governed by the total momentum
conservation law, provide us a new way to clarify the
nature of photon tunneling effect in three dimensions.
Note that the magnitude of the SHE of light can be
substantially enhanced by involving higher-order angu-
lar momentum beams [37–41]. Future research is needed
to investigate the orbital Hall effect of light in photon
tunneling regime.
To obtain a clear physical picture of the SHE of light in
photon tunneling, we attempt to perform analyses on the
z component of the total angular momentum for each of
individual photons, i.e., liz = ltz [42]. The total angular
momentum law for single photon is given by
−∆ytkt sin θt + σt cos θt = σi cos θi. (30)
When the photons tunnel through the air-gap barrier
from a low-refractive-index prism to a high-refractive-
index prism (n1 < n2), the incident angle is larger than
the transmitted angle θi > θt. The linearly polarized
wave packet can be represented as a superposition of
equal σi = +1 and σi = −1 photons. For the σi = +1
photons, the zt component of spin angular momentum
σt cos θt increases after entering the second prism. Be-
cause of the conservation law, the total angular momen-
tum must remain unchanged. To conserve the total an-
gular momentum, the photon must move to the direction
+y (∆yt > 0). For the σi = −1 photons, the z compo-
nent of spin angular momentum σt cos θt decreases. In
this case, the photons must move to the direction −y
(∆yt < 0). When the photons tunnel through the air-
gap barrier from a high-refractive-index prism to a low-
refractive-index prism (n1 > n2), the incident angle is
less than the transmitted angle θi < θt. As expected, the
transverse spatial shifts exhibit a reversed version. This
gives a very simple way to understand how light exhibits
SHE in the photon tunneling.
Chiao and Steinberg [2, 3] have studied systemati-
cally the equivalence between the FTIR equation and the
Schro¨dinger one. Theoretical studies have shown indeed
that the physics of tunneling is essentially identical for
classical light waves and quantum mechanical wave func-
tions. The SHE of light has been verified experimentally
in beam refraction [19] and in glass cylinder with refrac-
tive index gradient [20]. However, direct observation of
the SHE is still remain an open challenge in condensed
matter physics [14–16] and high-energy physics [43, 44].
This opened up the opportunity to perform the SHE in
tunneling experiments, easier to perform and interpret
than those with electron waves. Because of the close
similarity in condensed matter, high-energy physics, plas-
monics [45–48], and optics, the SHE of light in photon
tunneling will provide indirect evidence for other physical
systems.
IV. CONCLUSIONS
In conclusion, we have resolved the breakdown of an-
gular momentum conservation on two-dimensional pho-
ton tunneling by considering SHE of light. This inter-
esting effect manifests itself as polarization-dependent
transverse shifts when the wave packet tunnels through
a prism-air-prism barrier. For the left or the right cir-
cularly polarized component, the transverse shift can be
modulated by altering the refractive index gradient of the
two prisms. We have demonstrated that the SHE in the
conventional beam refraction can be evidently enhanced
via photon tunneling. The physics underlying the SHE
of light is that the transverse angular shifts satisfy the
total linear momentum conservation law, and the trans-
verse spatial shifts fulfill the total angular momentum
conservation law. The study of the SHE of light would
make a useful contribution to clarify the nature of photon
tunneling in three dimensions. It is well known that the
scanning tunneling microscope is a powerful instrument
for imaging surfaces at the atomic level [1]. In general,
introducing the SHE of light into the scanning tunneling
microscope will open the possibility for developing new
nano-photonic devices.
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